Introduction
Several compounding distributions have been proposed in the literature to model lifetime data. Adamidis and Loukas [2] pioneered the two-parameter exponential-geometric (EG) distribution with decreasing failure rate. Kus [16] dened the exponential-Poisson distribution (following the same idea of the EG distribution) with decreasing failure rate and discussed various of its properties. Adamidis et al. [1] proposed the extended exponential-geometric (EEG) distribution which generalizes the EG distribution and discussed various of its structural properties along with its reliability features. The hazard rate function (hrf ) of the EEG distribution can be monotone decreasing, increasing or constant. Lai et al. [17] introduced a modied Weibull distribution capable of modeling a bathtub-shaped hazard rate function (hrf ). Mahmoudi and Shiran [19] proposed an exponentiated Weibull-geometric (EWG) distribution by compounding the EW and geometric distributions more exible than the EW distribution and studied some of its properties. Wang and Elbatal [35] discussed a modied Weibull geometric distribution having monotonically increasing, decreasing, bathtub-shaped, and upside-down bathtub-shaped hazard rate functions. Finally, Saboor et al. [31] introduced a transmuted exponential Weibull distribution which have a bathtub-shaped and upside-down bathtub-shaped hazard rate functions.
The modeling of lifetime data by compounding a life model and a discrete distribution has been used to construct new lifetime models in the last few years. For some references, see Silva et al. [27] . In practice, the exponential and Weibull are the most used baseline models. Suppose that a company has N systems functioning independently and producing a certain product at a given time, where N is a random variable, which is often determined by economy, customers demand, etc. The reason for considering N as a random variable comes from a practical viewpoint in which failure (of a device for example) often occurs due to the present of an unknown number of initial defects in the system. In this paper, we focus on the case in which N is a geometric random variable with probability mass function (pmf ) P (N = n) = (1 − p) p n−1 , for 0 < p < 1 and n = 1, 2, · · · . We can also consider that N follows other discrete distributions, such as the binomial, Poisson, etc, whereas they require to be truncated at zero since N ≥ 1. Another reason by taking N to be a geometric random variable is that the optimum number can be interpreted as the number to event, matching up with the denition of a geometric random variable as suggested by Nadarajah et al. [22] . Other motivations can also be found in Nadarajah et al. [22] . Readers are referred to [34] .
Suppose that {Zi} N i=1 are independent and identically distributed (iid) random variables having the EW(α, β, θ) distribution with cumulative distribution function (cdf )
given by
and N a discrete random variable having a geometric distribution dened before. Let
. The cdf and probability density function (pdf ) of Z (n) are given by
respectively, where α, β, θ > 0 and p ∈ [0, 1). The lifetime model dened by (1.1) and (1.2) is called the exponentiated Weibull geometric (EWG) distribution [19] . Hereafter, let Y be a random variable having the density (1.2) and write Y EWG(α, β, θ, p).
In this paper, we dene and study a new lifetime model called the transmuted exponentiated Weibull-geometric (TEWG for short) distribution. The main feature of this model is that a transmuted parameter is inserted in (1.2) to give greater exibility in the form of the generated distribution. Using the quadratic rank transmutation map studied by [32] , we construct the ve-parameter TEWG model. We give a comprehensive description of some mathematical properties of the new distribution with the hope that it will attract wider applications in reliability, engineering and other areas of research.
The concept of transmuted generator is explained below.
where f1(x) and f2(x) are the pdf 's corresponding to the cdf 's F1(x) and F2(x), respectively. For λ = 0, we have f2(x) = f1(x).
1.1. Lemma. The function f2(x) given by (1.3) is a well-dened density function.
Proof.
nonnegative. We prove that the integration over its support is equal to one. Considering
Similarly, for other cases, where the support of f1(x) is a part of the real line, the previous lemma holds. Hence, f2(x) is a well-dened pdf. We call f2(x) the transmuted pdf of a random variable with baseline density f1(x). This proves the current result.
Many authors constructed generalizations of some well-known distributions by using the transmuted construction. Aryal and Tsokos [4, 3] dened the transmuted generalized extreme value and transmuted Weibull distributions. Aryal [5] proposed and studied various structural properties of the transmuted log-logistic distribution, Shuaib and King [28] introduced the transmuted modied Weibull distribution, which extends the transmuted Weibull distribution by [3] , and studied some of its mathematical properties and maximum likelihood estimation of the unknown parameters. Elbatal and Aryal [11] discussed the transmuted additive Weibull distribution. Elbatal [12, 13] presented the transmuted generalized inverted exponential and transmuted modied inverse Weibull distributions.
Further, Merovci and Elbatal [20] proposed the transmuted Lindley-geometric distribution, Merovci et al. [20] dened the transmuted generalized inverse Weibull distribution and Elbatal et al. [10] studied the transmuted exponentiated Fréchet distribution.
The rest of the paper is organized as follows. In Section 2, we provide the pdf, cdf and survival function (sf ) of the new distribution. Some special cases are given in Section 3.
The density of the order statistics is given in Section 4. A mixture representation for the new pdf is derived in Section 5, where some of its structural properties can be easily obtained. Section 7 is related to the maximum likelihood estimates (MLEs) and the asymptotic condence intervals for the unknown parameters. Finally, in Section 8, we present a real data analysis to illustrate the exibility of the new lifetime model. Some conclusions are given in Section 9. 
respectively, where p ∈ [0, 1), α, β, θ > 0 and |λ| ≤ 1. If X is a random variable with pdf (2.2), we use the notation X TEWG(φ).
We emphasize that the new model (2.2) is obtained by using the transmuted construction applied to a compounding life distribution from the exponentiated Weibull and geometric distributions.
The sf of X is given by ST EW G(x; φ) = 1 − FT EW G(x; φ), whereas its hazard rate function (hrf ) becomes hT EW G(x; φ) = fT EW G(x; φ)/ST EW G(x; φ), which is an important quantity to characterize life phenomenon. The reversed hazard rate function (rhrf ) of X is given by τT EW G(x; φ) = fT EW G(x; φ)/FT EW G(x; φ). 
Special Models
The TEWG distribution is a very exible model that provides dierent distributions when its parameters are changed. It contains the following ten special models:
• For λ = 0, then (2.2) reduces to the EWG distribution pioneered by [19] .
• The case θ = 1 refers to the transmuted Weibull-geometric distribution.
• For λ = 0 and θ = 1, we have the Weibull-geometric distribution given by [6] .
• The transmuted generalized exponential geometric distribution arises as a special case of the TEWG distribution by taking θ = β = 1.
• The case β = 1 refers to the transmuted exponentiated exponential geometric distribution.
• Setting λ = 0 and β = 1, we have the exponentiated exponential geometric distribution given by [18] . • For θ = β = 1, it follows the transmuted exponential geometric distribution.
• For λ = 0 and θ = β = 1, we obtain the exponential geometric distribution given by [2] .
• For β = 2, we have the transmuted generalized Rayleigh geometric distribution.
• The case β = 2 and θ = 1 refers to the transmuted Rayleigh geometric distribution.
(e) (f ) 
Order statistics
In this section, we derive closed-form expressions for the pdf of the rth order statistic of X. Let X1, . . . , Xn be a simple random sample from the TEWG distribution with pdf and cdf given by (2.1) and (2.2), respectively. Let X (1) ≤ X (2) ≤, . . . , ≤ X (n) denote the order statistics obtained from this sample. The pdf of Xi:n, say fi:n(x; φ), is given by
where F (x; φ) and f (x; φ) are the cdf and pdf of X given by (2.1) and (2.2), respectively, and B(·, ·) is the beta function. We have fi:n(x; φ) = θβα
Mixture Representation
Based on equation (1.3) , we can write
where
that the density function of X is a mixture of EW densities. 
We now provide two explicit expressions for E(Y r k+1 ). First, Choudhury [7] derived the closed-form expression
. .. The innite series on the right hand side converges for all θ > 0.
Second, Nadarajah and Gubta [24] derived an innite series representation applicable for any r > −β real or integer given by
Inserting the last two expressions in (5.2) gives E(X r )
Incomplete moments. The answers to many important questions in economics
require more than just knowing the mean of the distribution, but its shape as well. This is obvious not only in the study of econometrics but in other areas as well.
For lifetime models, it is of interest to known the rth lower and upper incomplete moments of X dened by mr(x) = gives mr(x) as a linear combination of incomplete gamma functions evaluated at dierent points.
The main application of the rst incomplete moment refers to the Bonferroni and Lorenz curves. These curves are very useful in economics, reliability, demography, insurance and medicine. For a given probability π, they are dened by B(π) = m1(q)/(π µ 1 ) and L(π) = m1(q)/µ 1 , respectively, where m1(q) can be determined from (5.3) with r = 1 and q = Q(π) is calculated by inverting numerically (2.1).
The amount of scatter in a population is measured to some extent by the totality of deviations from the mean and median dened by δ1 = ∞ 0 |x − µ 1 |f (x)dx and δ2(x) = ∞ 0 |x − M |f (x)dx, respectively, where µ 1 = E(X) is the mean and M = Q(0.5) is the median. These measures can be determined using the relationships δ1 = 2µ 1 F (µ 1 ; φ)) − 2m1(µ 1 ) and δ2 = µ 1 − 2m1(M ), where m1(µ 1 ) comes from (5.3) with r = 1. 
We provide an explicit expression for M k+1 (t) when β > 1, which requires the complex parameter Wright generalized hypergeometric function with p numerator and q denomi- 
Generalized hypergeometric functions are included as in-built functions in most analytical softwares, so the special function in (5.5) and hence (5.6) can be evaluated by the softwares Maple, Matlab and Mathematica using known procedures.
Residual life and reversed failure rate functions
Given that a component survives up to time t ≥ 0, the residual life is the period beyond t until the time of failure and dened by the conditional random variable X − t|X > t. In reliability, it is well-known that the mean residual life function and ratio of two consecutive moments of residual life determine the distribution uniquely [15] . Therefore, we obtain the rth order moment of the residual life using the general formula
Applying the binomial expansion of (x − t) r and substituting f (x; ϕ) given by (2.2) into the above formula and using the generalized binomial power series gives 
Estimation and Inference
Here, we determine the maximum likelihood estimates (MLEs) of the parameters of the new distribution from complete samples only. Let x1, . . . , xn be a random sample of size n from the TEWG(x; φ) model, where φ = (α, β, θ, p, λ)
T . The log likelihood function for the vector of parameters φ can be expressed as (φ) = n log θ + n log β + nβ log α + n log(1 − p)
The corresponding score function is given by
The log-likelihood can be maximized either directly or by solving the nonlinear likelihood equations obtained from (7.1), namely:
The above equations cannot be solved analytically but statistical software can be used 
respectively, where zi = F (y (i) ), and the y (i) 's are the ordered observations.
The smaller these statistics are, the better the t. Upper tail percentiles of the asymptotic distributions of them were tabulated by [25] .
Application to the carbon bres
We provide an application to a real data set to prove the exibility of the TEWG distribution. We t the gamma exponentiated exponential (GEE) [29] , exponentiated Weibullgeometric (EWG) [19] , extended Weibull (ExtW) [26] , Kumaraswamy modied Weibull (KwMW) [9] and TEWG distributions to a real data on carbon bres [25] . The parameters of the following distributions are estimated by maximizing the log-likelihood using the NMaximize procedure in the symbolic computational package Mathematica.
The density functions (for x > 0) associated to these models are given by:
• The GEE density function, • The ExtW density function,
• The KwMW density function,
where a > 0 , b > 0, α > 0 , γ > 0 , λ ≥ 0.
The estimated pdf and cdf of the TEWG distribution tted to the uncensored breaking stress of carbon bres (in Gba) reported by [8] are displayed in Figure 4 . The estimates of the parameters and their standard errors (SEs) are listed in Table 1 . The values of the statistics A * and W Information Criterion (CAIC) are also given in Table 2 . We note that the TEWG model provides the best t among these models.
To compare the TEWG model with its EWG sub-model, the likelihood-ratio (LR) statistic is given by w = 4.54198 with p-value 0.033. The value if the LR statistic
suggests that the TEWG model performs signicantly better than its sub-model EWG.
Conclusions
We propose a new compounding lifetime model named the transmuted exponentiated Weibull geometric distribution, and study some of its general structural properties.
The proposed model includes at least ten special lifetime models. A very useful mixture representation for its density function is derived. We provide explicit expressions for the moments and incomplete moments, generating and quantile functions, mean deviations and order statistics. These expressions are manageable using analytic and numerical computer resources, which may turn into adequate tools comprising the arsenal of applied statisticians. The model parameters are estimated by maximum likelihood. We prove that the proposed model can be superior to some models generated from other know families in terms of model tting by means of an application to a real data set.
